Abstract. To a numerical semigroup S , Eliahou associated a number E(S ) and proved that numerical semigroups for which the associated number is non negative satisfy Wilf's conjecture. The search for counterexamples for the conjecture of Wilf is therefore reduced to semigroups which have an associated negative Eliahou number. Eliahou mentioned 5 numerical semigroups whose Eliahou number is −1. The examples were discovered by Fromentin who observed that these are the only ones with negative Eliahou number among the over 10 13 numerical semigroups of genus up to 60. We prove here that for any integer n there are infinitely many numerical semigroups S such that E(S ) = n, by explicitly giving families of such semigroups. We prove that all the semigroups in these families satisfy Wilf's conjecture, thus providing not previously known examples of semigroups for which the conjecture holds.
Motivation
This work was motivated by a recent paper by Eliahou [5] , which constitutes a remarkable contribution towards a better understanding of Wilf's conjecture. Much about the conjecture of Wilf, so as references to the many papers devoted to the subject, can be found in Eliahou's paper.
To each numerical semigroup S , Eliahou associated a number, which we denote by E(S ) (Eliahou's notation was W 0 (S )), and proposed as an interesting problem the characterization of the class E = {S | E(S ) < 0} of numerical semigroups. Suggesting such a problem is not surprising, since he proved that the set {S | E(S ) ≥ 0} consists of semigroups that satisfy Wilf's conjecture. Furthermore, he made use of that number to prove that all the numerical semigroups whose conductor is not bigger than the triple of the multiplicity satisfy Wilf's conjecture, which is a great result.
Eliahou observed that it seems to be very rare that a numerical semigroup belongs to E, where, as observed, any possible counterexample to Wilf's conjecture must belong. Despite giving infinite families of semigroups in E, we tend to agree with him. A (pseudo-) random search through all the numerical semigroups would hardly give an example. According to Eliahou, Fromentin discovered the first 5 examples through exhaustive search among the numerical semigroups of genus up to 60, which are more than 10 13 . This shows that the probability of a numerical semigroup taken at random from the set of numerical semigroups of genus up to 60 to have negative Eliahou number is approximately 5 · 10 −13 .
Our strategy has been to do a pseudo-random search, but making some naive guesses that allowed us to highly reduce the search space or even to discard huge amounts of candidates without even looking at them. For some of the guesses we were able to sketch simple proofs that no candidate was wrongly rejected, for others not so simple and for many others we have not even convinced ourselves that a proof can be done. Notice that in our strategy this is not an important point (we are not even concerned with some kind of uniform distribution): once we find an example we can easily verify that it is in fact an example.
We observe that the 5 available examples have been crucial for the initial guesses we made. Nevertheless, finding the first not known examples has not been an easy task, and crucial role was played by computational tools, either in terms of hardware (the search for examples used a large number of hours in several computers) or in terms of software (the GAP [4] package numericalsgps [3] has been used). After, having a large amount of examples at our disposal we looked for patterns. The GAP [4] package intpic [2] played an important role in this part, by allowing us to have an automatic pictorial view of the semigroups.
A particularly simple family emerged and it is the main subject of the present paper.
Structure of the paper. The structure of the paper briefly follows. Besides some motivation and introducing some terminology, to which the first two sections are dedicated, the paper has several other sections. Section 3 is the heart of the paper. In it we show the existence of numerical semigroups with arbitrary large negative Eliahou number. To be precise, for each even positive integer p we give a numerical semigroup S (p) whose Eliahou number is p 2 (1 − p 2 ). In Section 4 we slightly modify S (p), by adding a kind of remainder τ. The numerical semigroup obtained is denoted S (p, τ). This construction leads us to conclude that every integer is the Eliahou number of a numerical semigroup.
Then, in Section 5, we give an infinite family of numerical semigroups (S (i, j) (p, τ)) i, j∈N whose Eliahou number is the same as the Eliahou number of S (p, τ). We thus conclude that for each given integer there are infinitely many numerical semigroups whose Eliahou number is that integer. We prove that for any even positive integer p and non negative integers i, j and τ, the semigroup S (i, j) (p, τ) satisfies Wilf's conjecture.
In an appendix section we discuss a problem concerning the minimum possible genus of a numerical semigroup having a given Eliahou number.
In another appendix section we give a variety of examples, which essentially may be seen as a source of counter-examples. We explicitly state some remarks that are merely counter-examples to some questions that could be seen as natural. On the other hand, the examples given may help in the process of finding right questions to work on.
Throughout the paper we derive some interesting consequences of our results. As an example, we refer that for given integers n and N, there are infinitely many numerical semigroups S such that E(S ) = n and W(S ) > N, as stated in Corollary 57.
Distinguished numbers, a convenient partition and figures
This section is dedicated to the introduction of some terminology and to fix some notation. Most of it is borrowed from Eliahou's paper [5] . From the same paper we borrow a convenient partition of the integers. For commonly used terminology and well known concepts we refer to a book of Rosales and García-Sánchez [7] .
2.1. Terminology and notation. Let S be a numerical semigroup.
The minimal generators of S are also known as primitive elements of S . The set of primitive elements of S is denoted P(S ). When S is understood, we usually simplify the notation and write simply P instead of P(S ). This kind of simplification in the notation used is done for all the other invariants whose notation we now introduce.
The notation |X| is used to denote the number of elements of a set X. For instance, the cardinality of P(S ) (usually called the embedding dimension of S ) is denoted |P(S )| (or simply |P|).
The conductor of S is the smallest integer in S from which all the larger integers belong to S . It is denoted c(S ) (or simply c).
The multiplicity of S is the least positive element of S and is denoted m(S ) (or simply m). The set of left elements of S consists of the elements of S that are smaller than c(S ). It is denoted L(S ) (or simply L). 52 53 54 55 56 57 58 59 60 61 62  41 42 43 44 45 46 47 48 49 50 51  30 31 32 33 34 35 36 37 38 39 40  19 20 21 22 23 24 25 26 27 28 29  8  9 10 11 12 13 14 15 16 17 18  -3 -2 -1  0  1  2  3  4  5 The notation m, g 1 , g 2 , . . . , g r t is used to represent the smallest numerical semigroup that contains {m, g 1 , g 2 , . . . , g r } and all the integers greater than or equal to t. (Here t is not necessarily the conductor of the semigroup.)
The notation used for an interval of integers such as
The set of non-negative integers is denoted by N.
2.2.
A convenient partition and figures. Let q(S ) = c(S )/ m(S ) be the smallest integer greater than or equal to c(S )/ m(S ). This number will frequently be called the q-number of S and denoted simply by q. The interval of integers starting in c (the conductor) and having m (the multiplicity) elements is denoted I q , that is,
For j ∈ Z, denote I j the translate of I q by j − q m, that is,
The sets I j , with j ∈ Z, form a partition of the integers that will be used throughout the paper. Several figures will be presented to give pictorial views of numerical semigroups. Each picture in this paper (aiming to represent a numerical semigroup) consists of a rectangular (q +1) × m-table such that the j-th row (0 ≤ j ≤ q) is the set I j , and the entries corresponding to elements of the semigroup are somehow highlighted.
We refer to row i in the table (equivalently to the set I i ) as the i-th level. When referring to columns, we keep using the term column. Example 1. Figure 1 is a pictorial representation of the numerical semigroup 11, 13, 21, 62 . The elements of the semigroup are highlighted and, among them, the primitive elements and the conductor are emphasized. When an element is to be highlighted for more than one reason, gradient colours are used.
We need some more notation: ρ(S ) = q(S ) · m(S ) − c(S ). As usual, most of the times we will simply use ρ, instead of ρ(S ).
For the semigroup considered in Example 1, we have ρ = 3, which is the number of columns to the left of 0. Wilf's conjecture [8] may be stated as follows.
Conjecture 2 (Wilf, 1978) . Let S be a numerical semigroup. Then W(S ) ≥ 0.
The non primitive elements of S are called decomposable. The decomposable elements at level q, I q \ P, are of particular importance and deserve the introduction of a notation. We write D q for I q \ P.
We refer to the number E(S ) = |P ∩ L||L| − q|D q | + ρ as the Eliahou number of S . Eliahou [5] proved the following result, which relates E(S ) to the conjecture of Wilf. Figure 2 represents all of them. Three of these numerical semigroups appear in the families we will be considering. Using names to be introduced, those semigroups are: S (4) = 14, 22, 23 56 , S (0,1) (4, 0) = 16, 25, 26 64 and S (0,2) (4, 0) = 18, 28, 29 72 .
The Eliahou number can be arbitrarily large negative
Throughout this section (in fact, through all the paper), p is an even positive integer. We remark that p is related to the q-number of the semigroups to be constructed and that we do not have analogous constructions for odd p's.
We associate to p a numerical semigroup, S (p), which has 3 primitive left elements. The main aim of the section is to prove Theorem 23, which gives a formula for E(S (p)).
In Section 3.8 we collect in a table some numbers related to S (p). The last subsection gives an alternative (and much more visual) way to look at the numerical semigroups S (p). It is very useful for modifications that lead to the construction of other families of semigroups to be considered in subsequent sections. 3.1. Defining the numerical semigroup S (p). To an even positive integer p, we associate a numerical semigroup, S (p). To this end, we consider integers µ(p) and γ(p), depending on p, defined as follows:
These integers will be used throughout the paper. We will generally write µ instead of µ(p) and γ instead of γ(p), since there will be no risk of confusion. The smallest numerical semigroup containing {µ, γ, γ + 1} and all the integers greater than or equal to pµ plays a fundamental role in this paper. We use the notation:
The interval 0, (p + 1)µ contains all the left elements and all the primitive elements of the numerical semigroup S (p); it contains the important part of the semigroup.
One of the facts that we shall prove is that c(S (p)) = pµ (Corollary 12). Thus, the pictorial representation of the semigroup S (p) consists of the integers in the interval 0, (p + 1)µ , which are disposed in a rectangular table as described in Page 3.
The semigroup S (2) = 7, 9, 10 14 is pictorially represented in Figure 3 . A pictorial representation of S (4) = 14, 22, 23 56 was already given in Figure 2 . Figure 4 (obtained by taking p = 10) is intended to illustrate the general shape of a semigroup of the form S (p) and may be useful to follow the proofs in the present section. Similar images are given along the paper. The reader may want to take a quick look to those of Figure 5 , given in Section 3.9.
3.2. Some relations between multiples of µ and γ. The following technical results give simple relations between multiples of the integers µ and γ.
Proof. We can write the following inequalities, which are clear.
Using Lemma 4, we can write, for any integer r,
Since we are assuming that 0 ≤ r ≤ p 2 , we have that 0 ≤ 2r p ≤ 1, and therefore
which completes the proof.
Of special interest are the cases r = 1 and r = 2. These are the subject of the following corollary.
Corollary 6. The following inequalities hold.
Proof. Inequality (1) is an immediate consequence of Lemma 5. If p ≥ 4, then the same happens for Inequality (2) . For p = 2, one can check that Inequality (2) also holds. In fact, as γ(2) = 9 and µ(2) = 7, we get 27 for the left side and 21 for the right side.
3.3. The subsemigroup γ, γ + 1 . We take a close look at the subsemigroup γ, γ + 1 of S (p) (which is a numerical subsemigroup, since γ and γ + 1 are coprime). We start by stating the following observation.
Proof. As 0 ≤ j ≤ i, we have that iγ + j = (i − j)γ + j(γ + 1) ∈ γ, γ + 1 and therefore we conclude that the rightmost set is contained in the leftmost one.
Observing that, for non-negative integers x and y, we have xγ + y(γ + 1) = (x + y)γ + y and y ≤ x + y, the reverse inclusion follows.
As a consequence, we can write:
Now, using Corollary 6, which ensures that, given non-negative integers i and j, if i ≥ (p/2 + 1), then iγ + j ≥ pµ and also that if i ≥ (p/2 + 2), then iγ + j ≥ (p + 1)µ, we get the following:
Since we are interested in knowing which elements of γ, γ + 1 belong to 0, (p + 1)µ (which constitutes the important part of S (p)), we can, by Proposition 8, restrict our study to the elements iγ + j, with 0
The conductor of S (p)
. Next we will see how the elements of γ, γ + 1 are distributed through the various levels. As a consequence, we show that the conductor of S (p) is pµ. Regarding the pictorial representation we adopted, the elements smaller than pµ are in odd levels and do not contain any element in the p 2 + 2 rightmost columns, as Proposition 10 shows. On the other hand, the elements at level p are at the p 2 + 2 rightmost columns, as stated by Proposition 11. Proposition 10. Let i and j be such that
Proof. We have to prove the following inequalities:
To prove (5) we start by writing a sequence of equivalences:
The last inequality holds, since µ =
To prove (6), we also write a sequence of equivalences:
The last inequality is obvious, since i ≥ 1.
Proof. We will prove the following equalities:
Notice that, as
We have the following sequence of equalities, which proves (7):
Next we prove (8):
The announced result is a consequence of Propositions 8 and 10.
Corollary 12. The conductor of S (p) is pµ.
Proof. As
Furthermore, it follows from Proposition 10 that no element of γ, γ + 1 smaller than pµ is congruent to −1 modulo µ. We have thus proved that the conductor of the numerical semigroup µ, γ, γ + 1 is no smaller than pµ.
As, by definition, the conductor of S (p) is no greater than pµ, the result follows.
As an immediate consequence, we get the number q(S (p)).
Corollary 13. The q-number of S (p) is p.
Recall that ρ(S (p)) = q(S (p)) · m(S (p)) − c(S (p)). Thus we have:
The following also immediate consequence reduces to the formula to the Eliahou number of S (p) in terms of p. The left primitives are precisely the distinct integers µ, γ and γ + 1. Let i and j be integers such that 0
Pictorially, C i, j is a column with iγ + j in its base and containing all the elements above it, until level p−1. Recall that, by Lemma 7, all the elements of γ, γ + 1 ⊆ S (p) of level less than p can be written in the form iγ + j. It follows that the set of left elements of S (p) is the union of the C i, j . We state it as a remark.
Moreover, the cardinality of C i, j is p − 2i + 1.
Proof. The assertions concerning C 0,0 are immediate. To prove the equality in (9) , it suffices to prove
Assume that x ≤ p − 2i. Then
which proves the implication from right to left. For the converse, suppose that x ≥ p − 2i + 1. Then
The conclusion about the cardinality of C i, j is immediate.
The columns C i, j are pairwise disjoint, that is, either do not intersect or are equal.
Lemma 18. Let i, i , j and j be integers such that
The following sequence of implications holds:
Suppose now that (i − i )(p/2 + 4) + ( j − j ) 0. We may assume that i(p/2 + 4) + j > i (p/2 + 4) + j . Since we are assuming that 1 ≤ i ≤ p/2 and 0 ≤ j ≤ i, we get that
On the other hand, since i ≥ 1, we get that i (p/2 + 4) + j ≥ p/2 + 4. It follows that
which is a contradiction. Thus (i − i )(p/2 + 4) + ( j − j ) = 0. As | j − j | < p/2 + 4, we have that (i − i )(p/2 + 4) + ( j − j ) = 0 implies j = j and therefore i = i . It follows that x = x as well.
The following lemma, which counts the left elements of S (p), is crucial.
Lemma 19. Let L be the set of left elements of S . Then
Proof. By Remark 16, |L| = | 0≤i≤ p 2 ,0≤ j≤i C i, j |. As the C i. j are disjoint (Lemma 18), we can write:
The result follows from Lemma 17, which gives the cardinality of each of the C i j .
As a consequence, we get a formula for the number of left elements.
Corollary 20. The number L of left elements of S (p) is given by:
Proof. The proof uses Lemma 19 and formulas for the sum of consecutive integers and the sum of squares of consecutive integers.
The Eliahou number of S (p). The set of decomposable elements of S (p) in level q is denoted D q .
We aim to compute its cardinality. Let us denote by A the set of elements of the form n + µ, where n is an element at level p − 1, and by B the set of elements of level p that belong to γ, γ + 1 .
Proposition 21. The following equality holds: D q = A ∪ B. Moreover, the union is disjoint.
Proof. That the equality holds is straightforward. That the union is disjoint follows from the fact that A is contained in the the leftmost µ − Corollary 22. The number of decomposable elements of S (p) in level q is given by:
Proof. The cardinality of A is precisely the number of columns containing the left elements (here we make use of Lemma 18), and that number is p 2 i=0 (i + 1), since for each i there are i + 1 j's. From Corollary 9 the cardinality of B is p 2 + 1 + 1. Now, using Proposition 21 we get
which is the sum of the first p 2 + 2 positive integers. Therefore
The result follows.
We may now state the main result of this section and probably of the whole paper.
Theorem 23. Let p be an even integer. The Eliahou number of S (p) is given by:
Proof. From Corollary 20 it follows that
From Corollary 22 we get that
By Corollary 14, which states that ρ(S (p)) = 0, and using the fact that S (p) has 3 left primitives (Corollary 15), we can write: E(S (p)) = 3|L| − p|D q |. Now we just have to use (11) and (12) to complete the proof:
Corollary 24. There exist numerical semigroups with arbitrarily large negative Eliahou number.
3.7.
The S (p) satisfy Wilf's conjecture. As a consequence of Corollary 22 we get the number of primitive elements of S (p).
Corollary 25. |P(S (p))|
Proof. The number of primitive elements of S (p) is 3 (the ones smaller than the conductor) plus the nondecomposables of pµ, pµ + µ . Therefore, by using Corollary 22, we get that
The next proposition shows that Wilf's conjecture holds for all numerical semigroups S (p). Figure 5 . Shapes of numerical semigroups of the form S (p) with shadowed column blocks.
The following remark was somehow unexpected.
Remark 27. When p grows, E(S (p)) becomes large negative while W(S (p)) becomes large positive. Table 1 
A table with numbers related to S (p). We collect in

3.9.
A visual way to look at S (p). Figure 5 is intended to illustrate the general shape of a semigroup of the form S (p). (One of the images was made taking p = 10; the other p = 12.) The light-grey tones are intended to better visualize several blocks of columns to be considered.
One can split the tables in Figure 5 into several blocks. We consider a block C consisting of the 2 leftmost columns; then we consider blocks B i , 1 ≤ i ≤ 
Every integer is the Eliahou number of a numerical semigroup
Throughout this section, p is an even positive integer; µ and γ are as in the previous section. Let, in addition, τ be a non-negative integer. S (p, τ) . Consider the following integers:
Defining the numerical semigroup
Note that c > 0. We define the semigroup S (p, τ) as being m, g, g + 1 c . Observe that S (p) = S (p, 0). It is straightforward to observe that c is the conductor of S (p, τ) (one can mimic the arguments that lead to Corollary 12). We register it as a proposition.
Proposition 28. The conductor of S
We can write the following easy consequences:
4.2.
A visual way to look at S (p, τ). Pictorial representations of the semigroups S (p, τ) are obtained through slightly modifying the images of Figure 4 , which represent semigroups S (p). It is straightforward to observe that the images obtained as described below represent the semigroups S (p, τ).
Consider a non-negative integer τ and, for each of the images of Figure 5 (Section 3.9), consider the image obtained by adding τ columns to the right of each of the blocks B i , for 1 ≤ i ≤ p 2 − 1, and assume that it contains no left element of the semigroup obtained. Concerning the block B p 2 , instead of adding columns to the right, τ columns are put at the left of the table. Block B is therefore split into two parts. Block C now consists of the columns τ + 1 and τ + 2.
The result of this modification is in Figure 6 . (The first image was made taking p = 10, τ = 3; the second, taking p = 12, τ = 3.)
When the integer τ is big, the shape of the representation obtained keeps the hight but becomes wider as (up to the scale) Figure 7 illustrates.
More on S (p, τ).
The following remarks can be proven in a straightforward way, as we did when obtaining the analogous results for S (P), or relying on the images as the ones presented in Figures 5 and 6 . Note that each of the columns added leads to adding p gaps and one new primitive element. In particular, the number of left elements and the number of decomposables in level p remains unchanged. We register these facts as remarks.
Remark 32. The semigroups S (p) and S (p, τ) have the same number of decomposables in level p, that is, S (p, τ) . Thus, we can use Theorem 23 to obtain the following:
Theorem 34. Let p be an even positive integer and let τ be a non-negative integer. Then
Let n be an integer and take an even integer p such that
, which is a non-negative integer. Then E(S (p, τ)) = One can be more precise by considering two different cases, depending on the sign of n:
Corollary 36. Let n be a non-negative integer. Then E(S (2, n)) = n.
Corollary 37. Let n be a negative integer and let p be an even integer such that p ≥ 1 +
It is clear that each of the columns added leads to adding gaps and a new primitive element. Thus, we can write the following remark.
By using Corollary 25, we get
The following proposition gives, in particular, a formula (depending on p and τ) for the Wilf number of S (p, τ).
Proposition 40. Let p be an even positive integer and let τ be a non-negative integer. Then Table 2 . S (p, τ) numbers
In particular, we get that W(S (p, τ)) > 0.
Proof. Recall that S (p) and S (p, τ) have the same number of left elements (Remark 33), which is given by Corollary 20. Using Remark 38 and Proposition 28, we can write the following sequence of equalities.
A table with numbers related to S (p, τ).
Analogously to what has been done in Section 3.8, we collect in Table 2 some numbers related to S (p, τ).
There are infinitely many numerical semigroups with a given Eliahou number
Throughout this section, p is an even positive integer; m, g , c and τ are as in previous section. For each numerical semigroup S (p, τ) and each pair (i, j) of non-negative integers, we define a numerical semigroup S (i, j) (p, τ). We will prove that its Eliahou number is E(S (p, τ)) (Theorem 54). , j) (p, τ) . Let i and j be non-negative integers and define m (i, j) , g (i, j) and c (i, j) as follows.
Defining numerical semigroups S (i
The following remark is obvious and will be used without explicit mention. Before continuing, let us look at some pictures. Figure 8 illustrates blocks similar to those that we already encountered in Sections 3.9 and 4.2. From now on we refer to this kind of blocks as column-blocks. The second image is obtained from the first by adding one column to the right of each column-block. The first image represents S (10, 3), the second represents S (0,1) (10, 3) .
Recall that the construction of S (p, τ) from S (p) was similar: it was based on on adding some columns to each column block. Figure 9 illustrates blocks that we will call row-blocks. The second image is obtained from the first by adding one row to the top of each row-block. The first image represents S (10, 3), the second represents S (1,0) (10, 3).
One can combine the addition of rows and of columns, as illustrated by Figure 10 . It represents S (1,1) (10, 3).
The following remarks can be proven in a straightforward way. Having in mind the idea behind the construction may be of help.
Combining appropriately the previous remarks we get the following proposition. 
5.2.
A visual way to look at S (i, j) (p, τ). The shape of S (i, j) (p, τ) behaves as follows: when i increases (the number of rows increases), the figure gets higher; when j increases (the number of columns increases), the figure gets wider. This fact is illustrated by Figure 11 , which represents the semigroups obtained from the same semigroup after adding rows and columns and drawn at the same scale.
In a different scale, Figure 12 illustrates the shape of the semigroup S (5,5) (10, 0) obtained by adding the same number rows and columns to S (10, 0).
5.3.
Tables with numbers related to S (i, j) (p, τ). Tables 3, 4 and 5, collect information related to S (i, j) (p, τ) and can be compared to those tables of Sections 3.8 and 4.5.
5.4. Eliahou and Wilf numbers for S (i, j) (p, τ). Let us collect some facts that will be used to compute Eliahou and Wilf numbers.
Some of the numbers involved are invariant under row changes (changing i) and some others are invariant under column changes (changing j). We register it in the following easy or straightforward remarks.
The number of primitives is invariant under column changes: Remark 45. Let i and j be non-negative integers. Then
The q-number, the number of left elements and the number of decomposables at level q, are invariant under column changes:
Remark 46. Let i and j be non-negative integers. Then
Remark 53. For fixed p and τ, there are infinitely many semigroups of the form S (i,0) (p, τ). The same happens for the semigroups of the form S (0, j) (p, τ) and S ( j, j) (p, τ).
Theorem 54. Let p be an even positive integer and let τ be a non-negative integer. For non-negative integers i, j, the following holds:
Proof. Again, the number of left primitives is 3, that is, |P(
Next we use the previously proved results.
It remains to observe that The proof of the following theorem is lengthy, but straightforward. We leave it to Appendix C.
Theorem 55. Let p be an even positive integer and let τ, i and j be non-negative integers. Then There are various consequences that we can now state. It is immediate from Theorem 55 that Wilf's conjecture holds for every numerical semigroup of the form S (i, j) (p, τ), as the following corollary says.
Corollary 56. Let p be an even positive integer and let τ be a non negative integer. Then W(S (i, j) (p, τ)) > 0, for every non-negative integers i, j.
Another interesting consequence is given by the following corollary.
Corollary 57. Given integers n and N, there are infinitely many numerical semigroups S such that E(S ) = n and W(S ) > N.
Proof. By Corollary 35, there exists a numerical semigroup S (p, τ) such that E(S (p, τ)) = n. Let us now consider the family (S (0, j) (p, τ)) j∈N of numerical semigroups. Let k 0 be an integer such that n+k 0
> N (which clearly exists). Then, using Theorem 55, E(S (0,k) (p, τ)) = n+k 0
Appendix A. A remark concerning the genus Let n be an integer. Consider the set S n of numerical semigroups with Eliahou number n:
S n = S | S is a numerical semigroup such that E(S ) = n .
In Section 5 we proved that all the S n 's consist of infinitely many numerical semigroups. As a consequence, we have that, for all n, the set GE n = genus(S ) | S ∈ S n of positive integers is, in particular, non empty and therefore has a minimum. Furthermore, since there are only finitely many numerical semigroups with a given genus, none of the GE n is bounded (see below for an alternative proof).
We remark that Fromentin's computations (see Section 2.4) show that the minimum of GE −1 is 43 and that if n < −1, then min GE n > 60.
A related and general question is:
Question 58. Le n be an integer. Find the minimum of GE n .
It seems to be difficult to get some hint on how to attack this question through (presently available) computational means. Finding some good bounds is probably challenging enough. To this end, we prove the following proposition:
number of numerical semigroups of genus 67 is given: n 67 = 377 866 907 506 273. Summing up the number of numerical semigroups of genus not greater 67, one gets N 67 = g∈{1,...,67} n g 9.86 · 10 14 .
One can guess that the number of numerical semigroups of genus 77 + i is approximately n 109 ≥ n 67 · (1.6) i and consequently N 109 = g∈{1,...,109} n g 9.86 · 10 14 + n 67 (1.6) 43 − 1.6 1.6 − 1 .
By doing some computations (with several unfavourable rounding) one gets that the number of numerical semigroups up to genus 109 is well over (3.2) · 10 23 . It is out of reach using today's computational means to do even the most trivial computation for such a number of semigroups.
Suppose that one could do some computation with 10 6 semigroups per second. The overall computation with the semigroups of genus up to 109 would require (3.2) · 10 17 seconds. Taking into account that one year has less that (1.6) · 10 7 seconds, the computation would take about 2 · 10 10 years, which is a little bit too much to wait for.
Although computing the Eliahou number of one numerical semigroup of small genus, up to 109, say, takes almost no time, the above discussion should make clear that exhaustive search is not satisfactory when one has to deal with huge numbers of numerical semigroups. Further theoretical results are needed.
To the best of our knowledge, exhaustive search has only been performed for semigroups up to genus 60. In particular, we are not able to guarantee that 61 is not the answer for one or both questions above.
Appendix B. A variety of examples
In this section we give a number of examples of numerical semigroups whose Eliahou number is negative. We group these examples into various tables. The choice of the examples, most of them obtained in the process that lead to obtaining the families considered in the paper, deserves some comments. One of the aims is to furnish a source of (counter-) examples for some natural questions. Another one is to give some insight on possible answers to others. Others examples are probably mere curiosities, that, as frequently happens when doing experiments, may help to ask the appropriate questions.
How general are the families we considered in the paper? We believe that not much: its contribution to the characterization of E is probably very small. We present examples having more than 3 minimal left generators as well as examples where none of its pairs of minimal left generator consists of consecutive numbers. None of these examples is of the form S (i, j) (p, τ).
The tables presented in this appendix are similar to the ones that already appeared in the text, namely in Section 3.8 where an explanation for the meaning of the various columns is given. The only difference occurs in the first column: instead of the notation used for the semigroup, a number is used so that the examples in the table are numbered sequentially.
Several of our examples have more that 3 minimal left generators (see Tables 6 and 7 . Thus we can state the following remark.
Remark 66. There exist numerical semigroups with more than 3 minimal left generators whose Eliahou number is negative.
Our examples just involve numerical semigroups with no more than 5 minimal left generators, but we would not be surprised if the following question has a negative answer. The aim of this section is to prove Theorem 55, which gives a formula in terms of i, j, p and τ for the Wilf number of S (i, j) (p, τ).
